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Annotation: Differensiallash matematikaning fundamental
tushunchalaridan biri hisoblanadi. Differensiallashlar algebra fanida ham muhim
o ‘rin tutadi. Differensiallashlarning turli umumlashmalari mavjud. Bular sarasiga
antidifferensiallashlar, é-differensiallashlar, ternar differensiallashlar va (a,p,y)-
differensiallashlar kiradi. Ushbu ishda to‘rt o ‘lchamli nilpotent algebralarning
differensiallashi lokal differensiallashi isboti bilan ko ‘rsatilgan.

Kalit so‘zlar: Differensiallash, Algebra, lokal differensiallash, chizigli
akslatirish.
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oupgepenyuposarue, 1uHeliHoe OmoopajiceHue.

Abstract. Differentiation is one of the fundamental concepts of mathematics.
Differentiations also play an important role in algebra. There are various
generalizations of differentiations. These include antidifferentiations, -
differentiations, ternary differentiations, and (a,p,y)-differentiations. In this paper,
the differentiation of four-dimensional nilpotent algebras is shown by proving local
differentiation.
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Quyida biz to‘rt o‘lchamli nilpotent algebralarning differensiallashini
keltiramiz.

R hagiqiy sonlar maydoni ustida aniglangan {e,, e,, e5, e,} bazisli nilpotent
algebra N; berilgan. Bu algebrada ko‘paytirish jadvali quyidagicha aniglanadi:
eie4 = e, e1e, = e; e,eq = e;
N, algebrada ixtiyoriy x vektorni
X = X1e1 + xpe, + x3€3
ko‘rinishda yozish mumkin. d : N; — N; akslantirishni garaylik.
1-Ta’rif. Agar N algebaradan olingan ixtiyoriy x, y elementlar uchun
dix-y)=dx) y+x-d(y)
Tenglik bajarilsa d akslantirish garalayotgan N algebrada differensiallash deb
ataladi.

d(x) = Ax chizigli akslantirishni garaylik, bu yerda A — 4 x 4 o‘lchamli
kvadrat matritsa. Ravshanki, agar N; algebaradan olingan ixtiyoriy x, y elementlar
uchun

A(xy) = (Ax)y + x(Ay) (1)
tenglik bajarilsa d(x) = Ax akslantirish garalayotgan N, algebrada
differensiallashdan iborat bo‘ladi.

1-Teorema. d(x) = Ax akslantirish N; algebrada differensiallashdan iborat
bo‘lishi uchun A matritsa

a1 0 0 0
a,; 2a;; 0 0
az1 20z7 3Q1; Azg
as; 0 0 g4

A= (2)
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ko‘rinishda bo‘lishi zarur va yetarli.

Isbot. Zarurligi. d(x) = Ax akslantirish N; algebrada differensiallashdan
iborat bo‘sin. U holda
A11 412 Q13 A1
Qz,1 Q22 Q23 A4
az,1 43z Q33 d34
Qg1 Qg2 Qa3 Qg4
Matritsa ixtiyoriy x, y vektorlar uchun (1) tenglikni ganoatlantirishi kerak.

Xususan e;e; = e, tenglikdan foydalanib quyidagi ayniyatni

(Aei)e; + e (dey) = A(er)

A=

qaraylik:
A1,1 Q12 Q13 Q14 1 aq,1
Q1 Q2 A3 Ay4 0 azq
Ae ' ' ' ' = ' =a,.6,+a,,e, +az.ex:+ay.€
1| az; a3, azs Asq 0 asq 1,161 2,162 3,163 4,164
Qg1 Qg2 Ag3 Qg4 0 A1
A1,1 Q12 Q13 Q14 0 aq,2
Q1 Q2 A3 Ay 4 1 azo,
Ae, = ’ ’ ’ ' = “l=a;,eq +a,,e, +az-,ex+ as-e
2 ‘13,1 a3,2 a3,3 a3‘4 0 a3,2 1,2%1 2,2%2 3,2%3 4,2%4
Qg1 Qg2 Ag3 Ay 4 0 Ay
A1,1 Q12 Q13 Q14 0 aq,3
Q1 Q2 A3 Ay4 0 azs
Ae, = ’ ’ ’ ’ = T l=a,3e4 +a,z:6, + azz62 + az€
3 31 A3, 433 Q34 1 ass 1,3%1 2,3%2 3,3%3 4,3%4
Qg1 Qg Ag3 Qg4 0 Ayu3
A1,1 Q12 Q13 Q14 0 aq,4
Q1 Q2 A3 Ay4 0 Az 4
Ae, = ’ ’ ’ ’ = T l=aq 461 Fay46, + az462 + Ay €
4 Q31 A3y A33 Q34 0 a3 4 1,461 2,462 3,463 4,464

Qg1 Qg2 A3 Aya 1 QA4
(Aey)e, = (a1,1e1 + aq,6; +azqie3 + a4,1e4)e1 = aq 162 t az,€3
e;(Aey)= 91(a1,191 +az.e; + a3,193+a4,1e4) = aq16 +az,€3
a1 +azq1€3 + Ay 83 +az183 = Ag81 + Azp8; +a3283 + Ay 84
bundan
Az, = 204, a;, =0, as, = 20y,
a4_'2 = 0 Aez = 2a1,162 + 2a2‘133
tengliklarni aniglaymiz.
Endi e e, = e; tenglikdan foydalanib quyidagi ayniyatni
(Aer)e; + e1(Aey) = A(es)
qaraylik:

(dey)e, = (a1,1e1 +aie, +as,es + a4’1e4)ez = ai1€3
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e;(4de,) = el(Zal_lez + 2a2,1e3) = 2a, ;€3
ay,1€3 +2a,163 = ay 361 + Ay36, + azze3 + ayze,
bundan
az3 = 3a44, a;3 =0, a3 =0, a,3 =0 Ae; =3a,,e3
tengliklarni aniglaymiz.
Endi e;e; = 0 tenglikdan foydalanib quyidagi ayniyatni
(Aey)e; + e (Aes) = A(0)

garaylik:
(Aey)es = (a1,1e1 +az.e; +asz ez + a4,1e4)33 =0
e1(de3) = 91(3a1,1€3) =0
0=0
bo‘ldi.

Endi e;e, = 0 tenglikdan foydalanib quyidagi ayniyatni
(Aey)e, + e1(dey) = A(0)
garaylik:
(Aej)e, = (a1,1e1 +az 6, +azq €3 + a4,1e4)e4 =0
e;(dey) = 91(a1,4e1 + az4€; + azse3z + a4,4e4) = Qg4 T az4€3
ay4€; +azse3 =0
bundan
a4, =0, a,, =0 Aey = azse; +ay,e,
tengliklarni aniglaymiz.
Endi e,e; = e; tenglikdan foydalanib quyidagi ayniyatni
(Aez)e; + e (Aey) = A(es)

garaylik:
(Aey)e, = (2a,,€; + 2a51€3)e; = 2ay1€3
e,(Aey) = ey(as e +az e, +azies + azq1e,) = ag €3
2ay1e3+ a;e3 = 3a, €3
3a;,,e3 = 3a; €3
0=0
bo‘ldi.

Endi e,e, = 0 tenglikdan foydalanib quyidagi ayniyatni
(Aey)e; + e;(Aey) = A(0)
garaylik:

(Aey)e; = (2ay1€; + 2a5,e3)e;, =0
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e;(Aey) = e;(2ay1€; + 2a;1e3) =0
0=0

bo‘ldi.

Endi e,e; = 0 tenglikdan foydalanib quyidagi ayniyatni
(Aey)es + ey (Aes) = A(0)

garaylik:
(Aey)es = (2ay,1; + 2a;,€3)e3 =0
ez(Aeg) = ez(3a1’163) =0
0=0
bo‘ldi.

Endi e,e, = 0 tenglikdan foydalanib quyidagi ayniyatni
(Aey)e, + ex(Aey) = A(0)

garaylik:
(Aey)ey = (2ay,1€; + 2a51€3)e, = 0
e;(Aey) = ey(azqaes +agqeey) =0
0=0
bo‘ldi.

Endi ez;e; = 0 tenglikdan foydalanib quyidagi ayniyatni
(Aes)e; + e3(Ae;) = A(0)
garaylik:
(Aez)e; = 3aj eze; =0, ez(Ae;) = es(ayqe; +az 6, +az 63+ as.e,) =0
0=0
bo‘ldi.
Endi es;e, = 0 tenglikdan foydalanib quyidagi ayniyatni
(Aes)e; + e3(Aey) = A(0)
qaraylik:
(Aes)e; = 3ay1e3e; =0, e3z(dey) = e3(2ay1€; + 2a5,63) =0
0=0
bo‘ldi.
Endi e;e; = 0 tenglikdan foydalanib quyidagi ayniyatni
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(Ae3)es + e3(Aes) = A(0)

garaylik:
(Adez)e, = 3a; 1eze3 = 0, e3(de;) = e33a;,e3 =0

bo‘ldi.
Endi eze, = 0 tenglikdan foydalanib quyidagi ayniyatni
(Aes)e, + e3(Ae,) = A(0)

qaraylik:
(Aes)e, = 3a;,eze, =0, e3(dey) = e3(a3,4e3 + as4e,) =0

0=0
bo‘ldi.

Endi e,e; = 0 tenglikdan foydalanib quyidagi ayniyatni
(Aey)e; + ey(Aey) = A(0)

garaylik:
(Aey)e; = (azqes + azreq)e; =0,
es(de;y) = ey(a 61 +azqe; +ag €3+ ag 6,) =0
0=0
bo‘ldi.

Endi e,e, = 0 tenglikdan foydalanib quyidagi ayniyatni
(Aey)e, + e4(Aey) = A(0)
garaylik:
(Aey)e, = (azse3 + agqes)e; =0, e4(dey) = e4(2a,1€; + 2a5,e3) =0
0=0
bo‘ldi.
Endi ese; = 0 tenglikdan foydalanib quyidagi ayniyatni
(Aey)es + e4(Aes) = A(0)
garaylik:
(Aey)e; = (agqez + azses)e; =0, ey(de;) = e4(3a1e3) =0
0=0
bo‘ldi.

Endi ese, = 0 tenglikdan foydalanib quyidagi ayniyatni
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(Aey)ey + ey(Aey) = A(0)

garaylik:
(Aey)ey = (agaes + agqaes)e, = 0, ey(Aey) = ey(agqes + agqaeq) =0
0=0
bo‘ldi.

Yetarliligi. Endi A matritsa (2) ko‘rinishda bo‘lsa d(x) = Ax chizigli
akslantirish differensiallashdan iboratligini ko‘rsataylik.
xy = (x1e1 + xXpe; + x3€3 + x4e4) (V101 + Y26, + Y3€3 + ysey) =
= x1Y1€2 + (012 + x2¥1)e€;3

a1,1 0 O O O
/a2,1 2a;7 0 0\ X1)1

Tenglikka ko‘ra

Alxy) = =
(xy) \a3,1 2a;, 3a;, a3,4/ X1Y2 + X201
Ay 0 0 Ay 4 0
=20y 1%y, + 201Xy, + 205 1%5y1 +3a3 1%,y + 304 1X5)1 + A34%1Y;
+ a3 4%X2)1
boshga tamondan

al’l O O O xl
/ a1 2a;4 O 0 \ Xy
Ax = ’ ’ =
\a3,1 2a;, 3a;, a3,4/ X3
(41 0 0 Ay 4
= ay %11 + (a1 + 2ay1%5)e; + (az Xy + 2a51%; + 3a31%3 + Az4%,)e3
+ (ag1x, + a4l4x4)e4
(Ax)y = (a;1x1€1 + (a2,1x1 + 2511,1952)92 + (az1x; + 2az1x; +3a41x3
+ a3,4x4)e3 + (a41x; + a4,4x4)e4)(ylel + y,e; + Y33 +yse4) =
=a11X1Y1€2 + a1 1X1Y263 + Az 1X1Y1€3 + 2a1,1x2yle3
al’l O 0 O yl
a,; 2a;; 0 0 Y2

Ay = =
Y asq 2612,1 3a1,1 a3 4 Y3

a,; O 0 (y 4 Ya
= aq1)y1€1 + (a2,13’1 + 2“1,13’2)32 + (az1y1 + 2a31y; +3a4,1y3 + azsys)es
+ (a41y1 + ag4¥s)ey
x(Ay) = (x1e; + x,€; + x3€3 + x4e4)(a1,1ylel + (a2,1y1 + 2a1,13’2)32
+ (az1y1 + 20312 + 3011Y3 + azaya)es + (A1 + Auaya)es) =
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= ay1X1Y162 + Ay 1X1Y,63 + Az 1X1Y1€3 + 201Xy, €3
Yuqoridagi xisoblashlar (2) tenglik to‘g‘riligini ko‘rsatadi. Teorema isbotlandi.

Endi esa to‘rt o‘lchamli nilpotent algebraning lokal differensiallash

tushunchasini keltiramiz.

2-Ta’rif. L algebra bo‘lib undagi har bir x € L element uchun A(x) = D, (x)
shartni ganoatlantiruvchi D,: L. — L differesiallash mavjud bo‘lsa, u holda

A: L — L chizigli akslantirish lokal differensiallash deb ataladi.
N, algebraning differensiallashini biz yugorida 1-teoremada ko‘rib o‘tganmiz
a1 0 0 0
/ a,; 2a;7 O 0
A= ’ ’
aszq 2031 3a1; Qzq
a,; O 0 Ay 4
bu yerda quyidagi belgilashni kiritamiz

Q11 =Q, A1 =f, Q31 =V, Q41 =0, A34 =€, Qg4 =€ u holda A
matritsa bunday ko‘rinishga o‘tadi.

a 0 0 O

| B 2a 0 O
A= y 2B 3a ¢
6 0 0 €

Quyidagi teoremada N, algebra uchun A: N; — N; akslantirishni garaylik.

2-Teorema. N; algebraning har ganday chizigli lokal differensiallashi
differensiallashdan iborat.

Isbot. A ixtiyoriy lokal differensiallashi bo‘lsin. Barcha x € N; uchun ta’rif
bo‘yicha A(x) = D, (x) differensiallashi mavjud.

2- teoremaga ko‘ra, D, differensiallashi quyidagi matritsa ko‘rinishiga ega:
a, 0 0 0

By 2a, O 0

yx Zﬁx 3ax gx
6, O 0 €x

Ay =

XUSUSan A(el) == Delel, A(ez) = Dezez, A(63) == D6363, A(e4) = De4e4
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tengliklarni ganoatlantiruvchi D, , D, D,,, D, matritsalar mavjud. A matritsani

quyidagicha quraylik:
/ a, 0 0 ()\
Be, 2a,, 0 O

A= g .
yel 2:862 3“63 834
8e, O 0 €e,

A chizigli bo’lgani uchun
Ax+y) =AX) +A(y), Vx,y €N, (3)
tenglik orinli.
Bu tenglikka ko'ra

A(el + eZ) = ael+ezel + Bel+ez eZ + yel+32 e3 + 631+eze4 + zae1+6262
+ Zﬁel'l‘ez 83

Aley) + A(ey) = Qe €1 + ﬁeles + Ve, 4 + 20,,€,

tengliklarga ega bo lamiz. Bunda bazis elementlarining koeffitsientlarini taggoslab,
biz quyidagilarga erishamiz:

Ae,+e, = e, :Be1+e2 = :Beli Ve, +e,€4 = Ve, Ae, +e, = Ue,-
Bundanesa a., = a., boladi.

Shunday qilib, biz A lokal differensiallash quyidagi shaklga ega ekanligini
bilib olamiz:

0 0 0 0

o[G0 00

= | Be, 2, 0 o/
Ve 0 0 0

Teorema isbotlandi. Bulardan foydalanib 4 o‘lchamli nilpotent
algebralarining ikki lakal differensiallanishini xam isbot gilishimiz mumkun.
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